We calculate the three-loop anomalous dimension of the non-singlet transverse operator from N = 1 to N = 15. Using some guess we have reconstructed a general form of three-loop anomalous dimension for arbitrary Mellin moment N. Obtained result is transformed into Bjorken-x space by an inverse Mellin transformation. The final expressions are presented in both Mellin-N and Bjorken-x space.
Introduction
The anomalous dimensions of the non-singlet Wilson twist-2 operator are known up to three-loop order [1, 2, 3, 4, 5, 6, 7] and the first even moment was calculated at four loops [8, 9] . There is a similar non-singlet transversity operator, which appear, for example, in a study of semi-inclusive deeply-inelastic scattering (SIDIS) [10, 11, 12, 13] and in the polarized Drell-Yan process [13, 14, 15, 16, 17, 18] . The scaling violations of the transversity distribution were explored in leading [18, 19, 20, 21, 22, 23] and next-to-leading order [24, 25, 26] . At three-loop order the moments N = 1 to 8 for the anomalous dimension are known [27, 28, 29, 30] and for N = 9 to 14 there are results for O(n f T F ) contributions [31] . In spite of the calculations of three-loop anomalous dimension for this operator do not seem very complicated with compare to already performed in Refs. [7, 32, 33, 34] it still absent. In this paper, however, we want to show how it is possible to obtain such result using the methods, which we developed for the computations of the anomalous dimensions for composite operators in the maximally extended N = 4 Supersymmetric Yang-Mills (SYM) theory [35, 36, 37, 38, 39] . Namely, using presented below the first fifteen Mellin moments and some guess we have reconstructed a general form of three-loop anomalous dimension for the arbitrary Mellin moment N. In spite of the fact that the obtained result seems to be correct we should stress, that it is mathematically non-rigorous. More consequent method for such calculations was suggested in Ref. [40] . Nevertheless, the result of the recent calculations of the next (N = 16) Mellin moment of the three-loop anomalous dimension of the non-singlet transversity operator from Ref. [41] coincides with the prediction, coming from our result and can serve as a direct confirmation of the general result presented in this paper, at least for even values of N.
The article is organized as follows: In section 2 we briefly describe the method, which we used for calculation of fixed moments of anomalous dimension of the non-singlet transversity operator. The reconstruction of the three-loop non-singlet transversity anomalous dimension from the calculated values is performed in section 3. The methods of reconstruction are described in sections 3.1 and 3.4. The final result is presented in section 4 in Mellin-N space. In section 5 we present our result for x-space splitting functions. Finally we briefly summarize our findings in section 6. In Appendix we write down the results for fixed moments of anomalous dimension of non-singlet transversity operator from N = 1 to 15.
Calculation
Our calculations of the fixed moments of anomalous dimension for the non-singlet transversity operator were performed in the same way, as in [31] except the last step, where we used MINCER [42] instead of MATAD [43] , as we interesting only with the divergences. We repeat here main futures from [31] and detailed description can be found in original paper.
The local flavor non-singlet twist-2 transversity operator is given by O TR,ns,µ,µ 1 ,...,µ N q,r
with σ µν = (i/2) [γ µ γ ν − γ ν γ µ ], λ r the Gell-Mann matrices for SU(3) flavor , D µ the covariant derivative in QCD, q(q) denote the quark and antiquark fields, and the operator S symmetrizes the Lorentz indices and subtracts the trace terms.
Following Ref. [44] we consider the Green's functionĜ ij,TR,ns µ,q which is obtained by contracting the matrix element of local operator (2.1) with the source term
where p and s denote the four-vectors of the momentum and spin of the external quark line, u(p, s) is the corresponding bi-spinor, ∆ 2 = 0. The contraction with the source term J N = ∆ µ 1 . . . ∆ µ N allows to write a general expression for the corresponding projector, which can be found in Ref. [44] .
The unrenormalized Green's function has the following Lorentz structure [31] G ij,TR,ns µ,q
with unphysical constants c k | k=1...5 . To determine Σ TR,ns (p) we use, following Ref. [31] , the following projector (N c denotes the number of colors)
Renormalization constants within MS-like schemes do not depend on dimensional parameters (masses, momenta) [45] and have the following structure
where α is the gauge fixing parameter. The renormalization constants define corresponding anomalous dimensions:
For the calculation of the renormalization constants, following Ref. [46] (see also Refs. [47, 48, 49] ), we use the multiplicative renormalizability of Green's functions. The renormalization constants Z Γ relate the dimensionally regularized one-particle-irreducible Green's functions with renormalized one as
where g 2 B and α B are the bare charge and the bare gauge fixing parameter with
To obtain the anomalous dimension of transversity operator we should subtract renormalization of the external quark field, so 9) where Z q is the renormalization constant for the quark field.
To find the renormalization constant we compute with the FORM [50] package MIN-CER [42] the unrenormalized three-loop Σ TR,ns (p) and determine its renormalization constant Z Σ TR,ns from the requirement that the poles in ǫ cancel in the right-hand side of Eq. (2.7). As in our previous calculations of the three-loop renormalization constants in supersymmetric Yang-Mills theories [51] we used a program DIANA [52] , which call QGRAF [53] to generate all diagrams and the FORM package COLOR [54] for evaluation of the color traces. Because the right-hand side of Eq. (2.7) contains the bare gauge fixing parameter α B , we should perform all calculations up to two loops with the arbitrary gauge fixing parameter α (i.e. the propagator of gluon is (g µν − (1 − α)q µ q ν /q 2 )/q 2 ), while for the three-loop calculations we used Feynman gauge α = 1. To obtain result for the renormalization constant from Eq. (2.7), we put α = 1 only after expansion in the right-hand side of Eq. (2.7). The anomalous dimensions γ We have calculated the fifteen first moments of the three-loop anomalous dimension γ (2)± TR,ns of the non-singlet transversity operator (2.1), which are listed in Appendix.
Reconstruction
Having in hand fifteen first values for the three-loop anomalous dimension of the flavour non-singlet transversity operator we have tried to reconstruct a general form of anomalous dimension equipped with our experience in such exercise, which we have done during the computations of higher orders anomalous dimensions of composite operators in the maximally extended N = 4 SYM theory [35, 36, 37, 38, 39] . As well known from the direct calculations in QCD the anomalous dimensions of twist-2 operators are expressed in terms of harmonic sums [5, 55, 56, 57] , following Ref. [56] recursively defined by
The sum of the absolute values of the indices m i defines the weight of the harmonic sum. In the n-loop anomalous dimensions one can encounter sums up to weight 2n − 1. Thus, the harmonic sums form the basis and if we calculate a sufficient number of fixed moments of the anomalous dimension we can restore a general form of anomalous dimension. We used such method earlier for the computations of anomalous dimensions at two-loop [35] , three-loop [36] , four-loop [37] and five-loop [38] orders for the twist-2 operators and even at six-loop [39] order for the twist-3 operator in N = 4 SYM theory.
To find a minimal basis we used the maximal transcendentality principle, which was discovered during the calculations of the eigenvalue of the kernel of Balitsky-Fadin-KuraevLipatov (BFKL) equation [58, 59, 60] at the next-to-leading logarithm approximation in N = 4 SYM theory [61] . It was found, that the final result contains only the most complicated functions from the full result in QCD [62] . Assuming a deep relation between Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [63, 64, 3, 65] and BFKL equations, the authors of Ref. [61] suggested that the eigenvalues of the anomalous dimension matrix of twist-2 operators in N = 4 SYM theory should contain the most complicated harmonic sums, i.e. the harmonic sums only with the maximal weight (maximal transcendentality). This hypothesis was confirmed by direct calculation at the two loops in Ref. [35] . So, the result in the maximally extended N = 4 SYM theory can be obtained from the corresponding result in QCD, if we take from the QCD result only those terms, which have the harmonic sums with maximal transcendentality (with maximal weight). Note, that the eigenvalues of the anomalous dimension matrix of twist-2 operators in supersymmetric theories can be expressed through one function with shifted argument. In Ref. [61] such function was called an universal anomalous dimension. The universal anomalous dimension of the N = 4 SYM theory is contained in any diagonal element of the anomalous dimension matrix of twist-2 operators in any four-dimensional gauge theory, for example, in QCD, but with corresponding colour factors.
The anomalous dimension of the non-singlet transversity operator should contain the same universal anomalous dimension as a part of full result. Moreover, one can see, that one-and two-loop anomalous dimensions of the non-singlet transversity operator [19, 20, 21, 18, 22, 24, 25, 26] differ only by few terms with compare to the universal anomalous dimension [61, 35] . We assume, that this property will be hold also at three loops.
Let's see how it works at two loops. We take the result for the two-loop anomalous dimension of the non-singlet operator from Eq. (3.5) of Ref. [7] 
where N ± S m = S m (N ± 1) and make substitutions N − → 1 and N + → 1. As result, we
which should be compared with the two-loop anomalous dimension of transversity operator, calculated in Refs. [24, 25, 26] :
The difference is only in the last term. So, we can expect, that such simplification will work at the three-loop order too.
We start the reconstruction of the three-loop anomalous dimension of non-singlet transversity operator from the most simple contribution proportional to C F n 2 f , which already known from previous calculations [28, 66] . Again, we take Eq. (3.7) from arXiv version of Ref. [7] 
In this equation we make substitutions N − → 1 and N + → 1 and obtain To reconstruct a full N dependence for obtained numbers we should write a suitable basis from the harmonic sums and solve the system of equations to find coefficients in the front of sums in ansatz. Assumption about the minimal basis can be obtained with the help of FactorInteger function from MATHEMATICA applied to the denominators. Such analysis allows to suggest the following basis:
and it is easy to find the general expression for Eq. (3.9):
So, the contribution, proportional to C F n 2 f is equal to
which is a full agreement with known result [28, 66] . Note, that constant is the same both for non-singlet anomalous dimension (3.7) and for non-singlet transversity anomalous dimension (3.12).
C F 2 n f contribution
Now we proceed with the same method to reconstruct the rest parts. Again, we substitute N − → 1 and N + → 1 into the result for the three-loop non-singlet anomalous dimension from Ref. [7] and obtain for C F 2 n f contribution Again, analyzing denominators of obtained numbers we can write the following basis:
With this basis it is easy to find the general expression for Eq. (3.14) for even values of N
and for odd values of N γ
(3.17)
Note, that for ζ 3 part our reduction rule gives correct result immediately
The final expression for C F 2 n f contribution can be found from Eqs. (3.13), (3.16) and (3.17): γ
For C A C F n f contribution our reduction rule N − → 1 and N + → 1 for the three-loop non-singlet anomalous dimension from Ref. [7] gives 
The final expression for C A C F n f contribution can be found from Eqs. (3.20) , (3.22) and (3.23) :
For C F 3 contribution we again start with substitution N − → 1 and N + → 1 into the result for the three-loop non-singlet anomalous dimension from Ref. [7] and obtain Let's first try to reconstruct ζ 3 part. It is clear from the last equation, that the possible basis has transcendentality level 1. However the basis from C F n 2 f part (3.10) does not work. Then, we slightly extended this basis
and we have found for even values of N 
For construction of the basis for the rational part we analyze again the denominators with FactorInteger, for example:
So, we assume, that the basis for the reduced C F 3 part (3.26) should contain the basis for ζ 3 C F 3 part (3.27), multiplied by harmonic sums S m (N) up to weight 3. Moreover, we assume, that these harmonic sums should satisfy a generalized Gribov-Lipatov reciprocity [67, 68] , which means, that up to weight 3 only the following combinations of the harmonic sums, called reciprocity-respecting harmonic sums [68, 69] 1 , should be considered:
Thus, we stop with the following basis containing 18 terms:
,
However, we have only 7 even values of anomalous dimension (3.26), from which we exclude N = 2 moment, because multigluon operator starts from N = 4. To find 18 coefficients from 6 known values we have used the same method, which we applied for the reconstruction of a general form of six-loop anomalous dimension of twist-3 operators in the maximally extended N = 4 SYM theory [39] . Major observation that the coefficients in any anomalous dimension are usually the rather simple numbers, that is the equation for the coefficients is a Diophantine equation. Moreover, a lot of harmonic sums, which can be written down for the possible basis, absent in final expression, i.e. its coefficients are zeros. There is a nice algorithm, which can help to solve such problem. LLL-algorithm [70] is realized in many computer algebra systems and its usage for our purpose can be found with the help of MATHEMATICA, where such algorithm is realized with function LatticeReduce. 
Note, that LatticeReduce gives 14 possible solutions but all other solutions contain large integers and only few zeros.
For odd values we should add to the basis few terms, which can be generated by Gribov-Lipatov reciprocity through a general equation [67, 68] :
where σ is some numerical factor and P(N) translated into the x-space is the reciprocity respecting function [67, 68] . This equation means, that the part of anomalous dimension in n-loop order is generated by the low order results. A new term proportional to 1/N/(N +1) appears at the first time namely for odd values of anomalous dimension at two-loop order (see the last line of Eq. (3.6)). This term will generate at third order the contribution, which looks like d dN
So, we should add to the basis (3.32) the following terms with harmonic sums:
(3.36)
Indeed, for this extended basis LLL-algorithm gives the following general expression for odd numbers from Eq. (3.26):
The final expression for C F 3 contribution can be found from Eqs. (3.25), (3.28), (3.29), (3.33) and (3.37) as
Substitute N − → 1 and N + → 1 into the result for non-singlet anomalous dimension from Ref. [7] we obtain for Using the same basis (3.32) as in previous subsection we have found with LLL-algorithm the following general expression for even numbers from Eq. (3.40)
For odd numbers from Eq. (3.40) we extend basis (3.32) with few additional terms (3.36) and obtain 
For the last C A 2 C F contribution our reduction rule N − → 1 and N + → 1 for the result of the three-loop non-singlet anomalous dimension from Ref. [7] gives 
For ζ 3 part the results are the same as for C F 3 contribution in Eqs. (3.28) and (3.29) up to common factor 1/2. The final expression for C A 2 C F contribution can be found from Eqs. (3.44), (3.46), (3.47), (3.28) and (3.29) as
Results in Mellin space
Here we present the final results for the three-loop anomalous dimensions of the flavour non-singlet transversity operator (2.1). For representation of our results we use the same notation as in Ref. [7] 
for arguments shifted by ±1 or a larger integer i. In this notation the one-loop (LO) anomalous dimension [19, 20, 21, 18, 22] reads
and the corresponding second-order (NLO) non-singlet quantities [24, 25, 26] are given by
The three-loop (NNLO, N 2 LO) contribution to the anomalous dimension γ + TR,ns (N) for even moments reads from Eqs. (3.8), (3.13), (3.20) , (3.25) , (3.39), (3.44) as
For odd moments we have In the right part the difference between our three-loop result and the corresponding result from Ref. [7] is shown.
The results (4.2), (4.3) and (4.5) for γ + TR,ns (N) are collected in Fig. 1 for four active flavours and a typical value α s = 0.2 for the strong coupling constant as in Ref. [7] . Numerically, the colour factors take the values C F = 4/3, C A = 3. Moreover, in the right part we show the difference between γ + TR,ns (N) and γ + ns (N) from Ref. [7] and one can see, that the difference between NLO and NNLO results is very small.
Results in x-space
The non-singlet anomalous dimensions γ to the splitting functions P (n)± TR,ns (x). So, the splitting functions P (n)± TR,ns (x) can be obtained from the N-space results of the previous section by an inverse Mellin transformation, which expresses these functions in terms of harmonic polylogarithms [71, 72, 73] . The inverse Mellin transformation can be performed by a completely algebraic procedure with HARMPOL package [56, 73] for FORM [50] .
Our notation for the harmonic polylogarithms H m 1 ,...,mw (x), m j = 0, ±1 follows Ref. [73] to which the reader is referred for a detailed discussion. The lowest-weight (w = 1) functions H m (x) are given by
The higher-weight (w ≥ 2) functions are recursively defined as
The one-loop non-singlet splitting function [19, 20, 21, 18, 22] can be written as
where
Here and below we suppress the argument x of the polylogarithms and all divergences for x → 1 are understood in the sense of +-distributions. The two-loop non-singlet splitting functions [24, 25, 26] are given by
The three-loop splitting function for the evolution corresponding to the anomalous dimension γ x) as in Ref. [7] . In the right part the difference between our three-loop result and the corresponding result from Ref. [7] is shown. Fig. 2 together with the difference between our result and the result for P (2)+ ns (x) from Ref. [7] . The numerical evaluations of the harmonic polylogarithm, entering into expression for P (2)+ TR,ns (x) from Eq. (5.10), were performed with HPL package [75, 76] for MATHEMATICA.
The three-loop splitting function for the evolution corresponding to the anomalous
Conclusion
We have found the complete third-order contributions to the splitting functions governing the evolution of flavour non-singlet transversity parton distribution in perturbative QCD. Firstly, we calculate the fifteen moments of the anomalous dimension of the non-singlet transversity operator with the help of MINCER package [42] for FORM [50] . As in our previous paper [39] for the reconstruction of the complete anomalous dimension for arbitrary moment N from the know fixed values we have used LLL-algorithm [70] , that allow to find coefficients in the ansatz from the harmonic sums, which form the suitable basis. We have assumed, that the most complicated part of anomalous dimension could be obtained by replacement N − → 1 and N + → 1 in the known result for the non-singlet anomalous dimension from Ref. [7] . We used the same procedure in Ref. [36] together with the maximal transcendentality principle for the computation of the three-loop universal anomalous dimension in the maximally extended N = 4 SYM theory. In present paper, we have subtracted this part from the known fifteen moments of anomalous dimension, listed in Appendix. The obtained numbers look much more simple with compare to the original numbers from Eqs. (A.1)-(A.15) and we can expect that the basis will reduced considerably. Apply LLL-algorithm to the minimal basis and the highest even or odd obtained numbers we have reconstructed the complete three-loop anomalous dimension of the flavour non-singlet transversity operator for arbitrary N. From obtained expressions the x-space splitting functions can be obtained by a standard Mellin inversion with HARM-POL package [56, 73] for the symbolic manipulation program FORM [50] and we present the corresponding results in section 5. For possible test of our result we give below an explicit expression for the three-loop anomalous dimension γ The result of the recent calculations for N = 16 Mellin moment of the three-loop anomalous dimension of the non-singlet transversity operator from Ref. [41] coincides with the above prediction and can serve as a direct confirmation of the general result presented in this paper, at least for even values of N.
FORM file of our results can be obtained from the preprint server http://arXiv.org by downloading the source. Furthermore it is available from author upon request. 
